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Abstract: We have proposed an online feature extraction method called Chunk Incremental Principal Component Analysis (CIPCA) where a chunk of data is trained at a time to update an eigenspace model. This paper presents an extended
version in which the threshold for accumulation ratio is adaptively determined so that the classiﬁcation accuracy for validation data is always maximized. To deﬁne the validation set online, the prototypes are selected from given training
samples by k-means clustering or nearest neighbor classiﬁer. The experimental results show that the proposed CIPCA
can update the threshold properly so as to maintain high classiﬁcation accuracy.
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1. INTRODUCTION
When constructing an adaptive recognition system, we
should consider two types of incremental learning: one is
the incremental learning of feature space and the other is
that of classiﬁer [1]. As for the feature extraction, Hall
and Martin have proposed a method to update eigenvectors and eigenvalues in an incremental way called Incremental Principal Component Analysis (IPCA) [2]. To enhance the learning efﬁciency, IPCA was extended such
that a chunk of training samples are trained at a time [3].
Ozawa et al. [4, 5] also have proposed this type of extended IPCA called Chunk IPCA (CIPCA). In CIPCA,
the dimensional augmentation is judged based on the accumulation ratio, and a proper threshold value should be
set to the accumulation ratio to obtain good classiﬁcation
accuracy. For this purpose, we have proposed a method to
choose a threshold by applying the cross-validation technique to an initial training set. However, once the threshold is chosen, it is ﬁxed over the entire learning stages.
Obviously, the optimality for such a threshold is not ensured in the incremental environment where the distribution of given training samples could be changed over
time.
In this paper, we propose two methods to choose
proper threshold values adaptively in Chunk IPCA such
that the classiﬁcation accuracy for validation data is always maximized. In the ﬁrst method, a validation data
set to ﬁnd an optimal threshold for accumulation ratio is
dynamically updated by using k-means clustering. In the
second method, a validation data set is obtained by selecting evenly from the classiﬁed and misclassiﬁed data.
This paper is organized as follows. Section 2 gives
a quick review on the conventional IPCA algorithm in
which an eigenspace model is updated one after another
with a single data. Section 3 describes the extended version of IPCA called CIPCA in which a chunk of data is
trained at one time. Then, Section 4 presents two meth-

ods to update an optimal threshold for accumulation ratio
in CIPCA. In Section 5, the experiments using two UCI
data sets are conducted and the effectiveness of updating
the threshold is studied. Finally, Section 6 summarizes
this work.

2. INCREMENTAL PRINCIPAL
COMPONENT ANALYSIS
2.1 Original IPCA
Let us review the IPCA algorithm proposed by Hall
and Martin [2] brieﬂy.
Assume that N training samples xi ∈ Rn (i =
1, · · · , N ) have been presented so far, and an eigenspace
model Ω = (x̄, U k , Λk , N ) is constructed by calculating
the eigenvectors and eigenvalues from the covariance matrix of xi , where x̄ is a mean vector of xi (i = 1, · · · , N ),
U k is an n × k matrix whose column vectors correspond
to the eigenvectors, and Λk is a k × k matrix whose diagonal elements correspond to the eigenvalues. Here, k is
the number of eigen-axes spanning the eigenspace (i.e.,
eigenspace dimensionality).
Now, assume that the (N + 1)th training sample y ∈
Rn is given. The addition of this new sample will lead to
the changes in both mean vector and covariance matrix;
therefore, the eigenvectors and eigenvalues should also be
updated. The new mean input vector x̄� is easily obtained
as follows:
1
x̄� =
(N x̄ + y) ∈ Rn .
(1)
N +1
When updating the eigenspace model Ω, we need to
check if the eigenspace should be enlarged in term of dimensionality. If the new sample includes almost all energy in the current eigenspace, the dimensionality does
not need to be changed. However, if the eigenspace includes certain energy in the complementary eigenspace,
the dimensional augmentation is needed, or crucial information on the new sample might be lost. In IPCA, the
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judgment of the eigenspace augmentation is made based
on the norm of the following residue vector h ∈ Rn :
h = (y − x̄) − U k g

(2)

where g =
− x̄). Here, T means the transpose
of vectors and matrices. When the norm of h is larger
than a threshold value η, the dimensionality of the current eigenspace is increased from k to k + 1, and a new
eigen-axis is added in the direction of h. Otherwise, the
dimensionality of the eigenspace remains the same.
It has been shown that the eigenvectors and eigenvalues are updated by solving the following intermediate
eigenproblem [2]:
�
�
� N � Λ 0 �
N
gg T γg �
k
+
N + 1 0T 0
(N + 1)2 γg T γ 2
U Tk (y

×R=

T

RΛ�k+1

where
ĥ =

�

h/�h�
0

if �h� > η
otherwise.

A� (U k )
=

(3)

where γ = h̃ (y − x̄), R is a (k + 1) × (k + 1) matrix
whose column vectors correspond to the eigenvectors obtained from the above intermediate eigenproblem, Λ�k+1
is the new eigenvalue matrix, and 0 is a k-dimensional
zero vector. Using the solution R, the new n × (k + 1)
eigenvector matrix U �k+1 is calculated as follows:
U �k+1 = [U k , ĥ]R

space, λi (i = 1, · · · , k) is the eigenvalue of ui , and
n is the dimensionality of the input space, respectively.
By specifying an appropriate threshold value θ, the feature space dimensions are automatically determined by
searching for a minimum k such that A(U k ) > θ holds.
In general, the update of Eq. (6) cannot be done without
the training samples given previously. This is a serious
problem when a one-pass incremental learning algorithm
is developed. To overcome this problem, we need an incremental update algorithm of A(U k ) without keeping
all the past training samples.
In [6], we derived the incremental update equation for
A� (U k ) in Eq. (6), and it is given by

(4)

2.2 A Criterion for Eigen-axes Augmentation
As seen from Eq. (5), a new eigen-axis is augmented
whenever the norm of a residue vector is larger than a
threshold value η in the original IPCA. However, this is
not a good criterion in practice because a suitable threshold can be varied depending on the magnitude of input
values. If the threshold is too small, the dimensionality of a feature space could be excessively large and an
efﬁcient feature space with small dimensions is hard to
be constructed; this may deteriorate both generalization
performance and computational efﬁciency. On the other
hand, if the threshold is too large, essential information
on training samples is lost unexpectedly.
To reduce the dependency of the threshold on input
values, the following accumulation ratio is often used as
a criterion:
�k
λi
A(U k ) = �i=1
(6)
n
i=1 λi

(7)

where U k = {u1 , · · · , uk }. Note that no past sample is
necessary for the incremental update of A� (U k ).
The eigen-axis augmentation is judged by using
A� (U k ) as a criterion. Instead of Eq. (4), the update
of U � is carried out based on the following equation.
U �k+1 = [U k , ĥ]R
where
ĥ =

(5)

Here, η is a small threshold value which is set to zero
in the original IPCA [2]. From Eq. (4), intuitively we
can consider that R gives a rotation from old eigen-axes
to new ones; hence, let us call R rotation matrix here.
Note that if ĥ = 0 (i.e., the case that the dimensional
augmentation was not needed), R degenerates into an n×
k matrix, and U �k+1 and Λ�k+1 also degenerate to the n ×
k matrix and the k × k matrix, respectively.

�k
N (N + 1) i=1 λi + N �U Tk (y − x̄)�2
�
N (N + 1) ni=1 λi + N �y − x̄�2

�

h/�h�
0

if A(U k ) < θ
otherwise.

(8)

(9)

Here, θ is a threshold value.

3. CHUNK IPCA
As stated in Section 1., the original IPCA is applied
on one sample at a time, and the intermediate eigenproblem must be solved repeatedly for every training sample.
Hence, the learning may get stuck in a deadlock if a large
chunk of training samples is given to learn in a short term.
To overcome this problem, we extend the original IPCA,
so that the eigenspace model Ω can be updated with a
chunk of training samples in a single operation. Let us
call this extended algorithm Chunk IPCA [4, 5].
3.1 Update of Mean Vector and Eigen-axes
Let us assume that N training samples X =
{x1 , · · · , xN } ∈ Rn×N have been given so far and
they were already discarded. Instead of keeping actual
training samples, we have an eigenspace model Ω =
(x̄, U k , Λk , N ) where x̄, U k , and Λk are a mean input
vector, an n × k eigenvector matrix, and a k × k eigenvalue matrix, respectively. Now, assume that a chunk of
L training samples Y = {y 1 , · · · , y L } ∈ Rn×L is presented.
Without the previous training samples X, the updated
mean vector x̄� is easily obtained as follows:

where U k = {u1 , · · · , uk } is the eigenvector matrix
whose column vectors span the k-dimensional feature
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x̄�

=
=

N
L
�
�
1
(
xi +
yj )
N + L i=1
j=1

1
(N x̄ + Lȳ).
N +L

(10)

On the other hand, the updated covariance matrix is given
in the following form [1]:
C� =

N L2
1 �
NC +
(ȳ − x̄)(ȳ − x̄)T
N +L
(N + L)2
+

L
�
N2
(y − x̄)(y i − x̄)T
(N + L)2 i=1 i

�
L(L + 2N ) �
T
. (11)
(y
−
ȳ)(y
−
ȳ)
i
i
(N + L)2 i=1
L

+

Suppose that l eigen-axes must be augmented to avoid
the serious loss of essential input information when a
chunk of L training samples Y is provided; that is, the
eigenspace dimensions are increased by l. Let us denote
the augmented eigen-axes as follows:
H = [h1 , · · · , hl ] ∈ Rn×l .

(12)

Then the updated eigenvector matrix U �k+l is represented
by using the rotation matrix R and the current eigenvector matrix U k .
U �k+l = [U k , H]R.

(13)

Hence a new eigenvalue problem to be solved is given by
C � U �k+l = U �k+l Λ�k+l ⇒

[U k , H]T C � [U k , H]R = RΛ�k+l

(14)

where Λ�k+l is a new eigenvalue matrix. Substituting Eqs.
(11) and (12) into Eq. (14), the following intermediate
eigenproblem for Chunk IPCA is obtained.
�
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where
ḡ = U Tk (ȳ − x̄),

g ��i = U Tk (y i − ȳ),

γ �i = H T (y i − x̄),

g �i = U Tk (y i − x̄),

γ̄ = H T (ȳ − x̄),

γ ��i = H T (y i − ȳ).

Solving this intermediate eigenproblem, a new rotation matrix R and the eigenvalue matrix Λ�k+l are obtained. Then, the corresponding new eigenvector matrix
U �k+l is given by Eq. (13).

3.2 Augmentation of Eigen-axes
In Chunk IPCA, the number of eigen-axes to be augmented is determined by ﬁnding a minimum k such that
the accumulation ratio A(U k ) in Eq. (6) satisﬁes the following condition: A(U k ) ≥ θ. However, the number
of augmented eigen-axes is not restricted to one when a
chunk of training samples is learned at a time. Therefore,
the update equation of A(U k ) in Eq. (7) must be modiﬁed such that it can be updated with a chunk of training
samples in one-pass.
The update equation for the accumulation ratio A(U k )
is given by
A� (U k )
�k

=

�n

i=1

i=1

λi +

λi +

L
�¯�2
N+L

L
�¯
N+L

+

1
N

− ¯�2 +

1
N

�L

j=1

�

�� �2
i

j=1

�

j

�L

− ¯�2

.(17)

As we can see from Eq. (17), no past sample is needed to
update A(U k ).
In IPCA, a new eigen-axis is selected so as to be perpendicular to the existing eigenvectors which are given by
the column vectors of U k . A straightforward way to get
new eigen-axes is to apply Gram-Schmidt orthogonalization technique to the given chunk of training samples [3].
If the chunk samples are represented by L̃ linearly independent vectors, the maximum number of eigen-axes
to be augmented is also L̃. However, the feature space
spanned by all of the augmented eigen-axes is redundant
in general; in addition, if the chunk size is large, the computation costs to solve the intermediate eigenproblem in
Eq. (15) would be considerably expensive. Therefore, we
need to select informative eigen-axes from the L̃ eigenaxes efﬁciently.
Algorithm 1 Eigen-axis Selection in CIPCA
Input:
• Eigenspace model: Ω = (x̄, U k , Λk , N ).
• Threshold for accumulation ratio: θ.
• Training samples: y l (l = 1, · · · , L).
H = { }.
Calculate the accumulation ratio A� (U k ) in Eq. (17).
if A� (U k ) ≥ θ then
Terminate this algorithm.
end if
Obtain a set L of the following residue vectors hl :
rl
(16)
hl =
�r l �
where
r l = (y l − x̄) − [U k , H][U k , H]T (y l − x̄).
repeat
Find the following residue vector hl∗ which gives
the maximum accumulation ratio A� ([U k , H, hl ]):
l∗ = arg max A� ([U k , H, hl ]).
l

Update H � = [H, hl∗ ] and remove hl∗ from L.
until A� ([U k , H � ]) < θ
Output: Augmented eigen-axes: H � .

- 2473 -

Algorithm 2 Generate validation data set in CIPCAproto
Input:
• The number of classes: C.
• Initial training data set:
X(0) = {X 1 (0), · · · X C (0)}.
• k-means clustering method.
// Initial Validation Set
for c = 1, · · · , C do
Apply an initial training data set X c (0) of class c to
k-means clustering method.
Obtain the k prototype vectors:
P c (0) = {pc1 (0), · · · , pck (0)}.
end for
Deﬁne a whole set of P c (0) (c = 1, · · · , C) as initial
validation set V (0).
// Update Validation Set
t=1
repeat
for c = 1, · · · , C do
Apply a new training data set X c (t) and the
prototype set P c (t − 1) to k-means clustering
method.
Obtain the k prototype vectors:
P c (t) = {pc1 (t), · · · , pck (t)}.
end for
Deﬁne a whole set of P c (t) (c = 1, · · · , C) as validation set V (t).
t ← t + 1.
until No training data is given.

To construct a compact feature space, we should ﬁnd
a smallest set of augmented eigen-axes such that the
eigenspace includes as much the energy of the given
chunk data as possible. A straightforward way to ﬁnd the
set is to select an eigen-axis one by one, each of which
gives a maximum accumulation ratio. The algorithm of
the eigen-axis selection is summarized in Algorithm 1.

4. METHOD TO GENERATE
VALIDATION DATA
In Chunk IPCA, the number of eigen-axes to be augmented is determined by ﬁnding a minimum k such that
A� (U k ) ≥ θ holds where the accumulation ratio is calculated incrementally. To determine an optimal threshold θ,
a cross-validation method can be applied to a validation
data set at every several learning stages. That is to say,
a threshold could be selected and changed over learning
stages such that the classiﬁcation accuracy is maximized
for the validation data set.
In this paper, we propose two methods to generate
a validation data set online such that the distribution
of training examples is well approximated. In the ﬁrst
method, the validation data set is obtained by selecting
k prototypes from the previous validation data and the
given training samples. This can be done by applying the
conventional k-means clustering to those data. In the sec-

Algorithm 3 Generate validation data set in CIPCAboosting
Input:
• The number of classes C.
• Initial training data set:
X(0) = {X 1 (0), · · · X C (0)}.
• Nearest neighbor (NN) classiﬁer.
// Initial Validation Set
for c = 1, · · · , C do
Classify an initial training data set X c (0) of class
c with NN classiﬁer based on the leave-one-out
method.
Separate X c (0) into the two data sets which consist
of the classiﬁed and misclassiﬁed data.
Select the k prototype vectors:
P c (0) = {pc1 (0), · · · , pck (0)} from the two sets randomly.
end for
Deﬁne a whole set of P c (0) (c = 1, · · · , C) as initial
validation set V (0).
// Update Validation Set
t=1
repeat
for c = 1, · · · , C do
Classify a new training data set X c (t) and the
prototype set P c (t − 1) with NN classiﬁer based
on the leave-one-out method.
Separate X c (t) and P c (t − 1) into the two data
sets which consist of the classiﬁed and misclassiﬁed data.
Select the k prototype vectors P c (t) =
{pc1 (t), · · · , pck (t)} from the two sets randomly.
end for
Deﬁne a whole set of P c (t) (c = 1, · · · , C) as validation set V (t).
t ← t + 1.
until No training data is given.

ond method, the validation data are selected so that a half
of the data comes from easy data and the other half comes
from tough data in terms of classiﬁcation.
These methods to generate a validation data set are
summarized in Algorithm 2 and 3.

5. EXPERIMENTS
We select two datasets for evaluation from the UCI
Machine Learning Repository: Segmentation and Vowelcontext data. The data information is shown in Table 1.
To construct an initial eigenspace, a part of training
samples are applied to the conventional PCA. The rate of
an initial dataset is set to 10% in all the experiments. The
remaining 90% of training samples are sequentially provided to learn as shown in Fig. 1. The extended CIPCA
works even though any size of data chunk is given at each
learning stage. However, for the sake of simplicity, the
chunk size is ﬁxed at 20 over the entire learning period.
A chunk of training samples is randomly selected and
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initial
training 1st
2nd
3rd
set
chunk chunk chunk

0

1

2

3

#Test
210
462

Classification Accuracy [%]

Table 1 Evaluated datasets.
Database #Attrib. #Classes #Train.
Segment.
19
7
2,100
Vowel
10
11
528

(S-1)th Sth
chunk chunk

S-3

S-2

S-1

CIPCA-proto

90
CIPCA-boosting
80

70
Original CIPCA
60

S

Learning Stages

0

Fig. 1 The presentation of training samples in the assumed incremental learning environments.
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55

it has no overlap with other chunks; hence all the training
samples are presented only once because we assume onepass incremental learning environments. Since the performance of incremental learning generally depends on
the sequence of training samples, 50 trials with different
sequences of training samples are carried out to evaluate
the average performance for the test datasets in Table 1.
The evolutions of classiﬁcation accuracy are shown in
Figs.2 (a) and (b). In Fig.2, “CIPCA-proto” and “CIPCAboost” correspond to the proposed CIPCA methods
where a validation data set is dynamically updated by kmeans clustering and classiﬁcation, respectively.
In the original CIPCA, the threshold value is determined at the initial leaning stage and it is ﬁxed over a
learning session. As seen from Fig. 2 (a), the classiﬁcation accuracy of the proposed CIPCA-proto for Segmentation data is largely improved as compared with the other
two methods. For Vowel data, although there is no significant difference in the ﬁnal accuracy of the three methods,
the accuracies of CIPCA-proto and CIPCA-boosting are
quickly going up as compared with the original CIPCA.
Therefore, one can conclude that the online performance
of CIPCA-proto is better than those of CIPCA-boosting
and the original CIPCA for the two UCI datasets.

50
CIPCA-boosting
45

40
Original CIPCA
35
0

100

200

300

400

Learning Stages
(b) Vowel Data

Fig. 2 Time evolution of classiﬁcation accuracy for three
CIPCA algorithms.

CIPCA in classiﬁcation accuracy.
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